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The present work deals with a dark energy model that has an oscillating scalar field potential along
with a cosmological constant (CC). The oscillating part of the potential represents the contribution
of a light axion field in the dark energy that has its origin in the String-Axiverse scenario. The
model has been confronted with the latest cosmological observations. The results show that a sub-
Planckian value of the axion field decay constant is consistent at 1σ confidence level. The oscillating
feature in the scalar field evolution and in the equation of state for the dark energy can be observed
at 2σ confidence interval. It is also observed that cluster number counts in this axion model are
suppressed compared to the ΛCDM and this suppression is enhanced for the sub-Planckian values
for the axion decay constant.
PACS numbers:
I. INTRODUCTION
From several cosmological data sets, it is evident that the current Universe is accelerating, and the challenge
is to find a mechanism that allows the accelerated expansion of the Universe [1]. Moreover, the solution must be
consistent with our acquired knowledge of high energy physics and the laws of gravity. Any explanation in terms
of some matter energy component in the Einstein equations is broadly categorised as dark energy. The simplest
solution is the existence of a cosmological constant (e.g vacuum energy of a scalar field potential) which acts as a
constant energy density source in the expansion equation with an equation of state parameter w = −1. Another
dynamical solution is the existence of a scalar field(s) φ which rolls along a flat potential V (φ) [2], and in this case
w(t) being close to −1 at the present epoch, to be consistent with the observational data. In both the cases, the
value of the cosmological constant or V (φ) at the present epoch must be tuned to be of the order of (10−3 eV )4.
Additionally, for the case of a dynamical scalar field φ, its mass must be of the scale of the current value of the
Hubble constant, i.e m ∼ H0 ∼ 10−33 eV. In this case, the potential must be stable w.r.t quantum corrections
which itself is a non-trivial requirement from the point of high energy physics.
Although, virtually any form of the scalar potential with the above mentioned properties can work as dark
energy, an axionic potential with periodic form has several virtues. First of all, axion being a pseudo-Nambu
Goldstone Boson (pNGB), its potential is generated by breaking of a shift symmetry and therefore its flatness
is protected from quantum corrections [3, 4]. Moreover, the axion being a pseudo-scalar, it easily evades the
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2stringent fifth-constraints due the exchange of φ quanta [5]. When an axion is used as the dark energy field, the
field dynamics in late time works as thawing models where equation of state parameter w remains close to −1 in
early time, and starts to move away from it only in recent time [6]. An axionic potential is parameterised by two
scales; λ being the overall height of the potential, and it is fixed by the current dark energy density, where as the
axionic decay constant f1 determines the periodicity of the potential. The larger the value of f1, more flatter is the
potential. For a canonically normalised axion field, the cosmological data constrain f1 to be close to the Planck
scale unless the initial field value is tuned at the top of the potential [7, 8]. This is typically difficult to arrange in
low energy effective field theory of String compactifications, or to motivate from the arguments for gravity being
the weakest force [9, 10]. Another possibility with f1 being sub-Planckian is the field being oscillating at the
bottom of the potential. But, this case is excluded by observations with high statistical significance [7, 11]. One
of the important assumption in this discussion is that the value of the cosmological constant is zero, and only one
dynamical field with a canonical kinetic energy term contributes to the dark energy density.
In String Theory, the existence of axions is ubiquitous, and usually the axions appear as complex partners
of moduli fields. In the String Axiverse scenario, a large number of axions arise due to compactifications of internal
spaces [12]. In certain scenario of moduli stablisation, the axion masses of correct order of magnitude required for
quintessence field appears naturally. Moreover, internal fluxes contribute to the existence of a cosmological constant
whose value can be tuned to be of the same order as required for dark energy [13] [44]. In this case, acceleration of
the Universe can be driven by complex dynamics of interplay of several axions and a cosmological constant. In the
context of String Axiverse scenario, the dynamics of multiple axions contributing to the dynamics of dark energy
has been explored in [15]. But the analysis is done assuming zero cosmological constant. Cosmological analysis
for Axiverse inspired single axion field as dark energy has been done in [16], whereas cosmological implications of
ultra-light axion-like fields (not necessarily as dark energy) has been explored in [17].
In this work, we would like to analyse the set-up where dark energy dynamics might be governed by multiple
axion field with a cosmological constant [13]. In particular, we will confront the set-up with the latest available data
and will make predictions for structure formation observations. To find an interesting interplay of the dynamical
field and the cosmological constant, both the scales for axions and the cosmological constant must be of the same
order. Analysis of the above mentioned set-up holds special significance in the context of the latest available
data. In particular, seemingly noncompataible value of H0 measurements from the low red-shift observations and
the derived value of H0 from the Cosmic Microwave Observations (CMB) observations [14]. may hint towards
nontrivial dynamics of dark energy. For example, in the presence of a cosmological constant and an axion field,
the field may oscillate around its minimum, or may move at the top of the maximum for sub-Planckian axion
decay constant. In this work, we do Marcov Chain Monte Carlo (MCMC) analysis to find the best fit parameters
for the model. We also discuss associated dynamics of the field.
In the next section, we discuss the set-up in more details. In Section 2, we describe the Axion model that
we consider in this work, Section 3 deals with the dynamical equations for the dark energy. The Section 4 talks
about the observational constraints on the model using several combinations of data-sets. The existence of dark
energy also affects the large scale structures via the evolution of matter density perturbations. This is discussed
in section 5 for the present model. We conclude in Section 6.
II. DARK ENERGY WITH AXIONIC POTENTIAL AND A COSMOLOGICAL CONSTANT
An axionic potential for a single scalar field φ is given by,
V (φ) = λ4 (1 + cos (φ/f1)) , (1)
3where f1 is the axion decay constant that fixes the periodicity of the potential, and larger the value of f1, more
flatter is the potential. For the case of dark energy, the value of λ needs to be of the order 10−3 eV. The minimum
of the potential has the potential energy to be zero. The single field axionic potential was introduced in the context
of inflation by Frees et al [3] and in the context of dark energy by Frieman et al [4]. In the context of dark energy,
the model was confronted with SN data in [7], and it was found that unless the initial value of the field is finely
tuned at the top of the potential, the axion decay constant f1 needs to be close to MP . It was also found out
that the oscillation of the scalar field at the bottom of the potential is ruled out with high significance (see also
[11]). All the above analysis is done with the following assumptions: (i) the value of the cosmological constant is
zero, (ii) there is only one axion field that plays a role in governing the dynamics, (iii) the kinetic energy of the
axion field is canonically normalised.
Motivated by the String Axiverse scenario in String Theory [12], there can be several axions fields with
masses of the order of the current Hubble scale. For the dynamics of these light fields at late time, we can
integrate out the heavy d.o.fs and work out with the effective potential. In this case, multi-field axionic potential
with canonocical kinetic energy term is given by [13],
V (φ) = λ40 +
N∑
i=1
λ4i cos (φi/fi). (2)
where N is the total number of axion fields that can be of order O(100). Each field in the above potential has mass
mφi ∼ λ2i /fi. The different decay constants fi are for fields φi, and λ0 is the cosmological constant. The value
of λ0 in the String Theory is tuned by the fluxes for several realisation of compactification of internal manifold,
whereas λi orginates from the non-perturbative effects and sets the mass for the i-th axion. In the limit of single
axion and λi = λ0, we get back the potential of Eq. (1). Thus the potential given in Eq. (2) introduces the
cosmological constant along with the axionic potential for multiple fields in the dark energy scenario. The value
of the potential at the minimum is Vmin = λ
4
0 −
∑N
i=1 λ
4
i , whereas the maximum value of the potential is given
by Vmax = λ
4
0 +
∑N
i=1 λ
4
i . Note that positivity of the value of the potential at the minimum is not a requirement
from the observational point of view.
Among several axion fields, the heavier fields will settle down to its minimum earlier during cosmological
evolution, and the lightest one will play the crucial role for late time physics [15]. At the minima of the heavy
fields, the effective potential of the lightest field becomes
V (φ) = λ4 + λ4l cos (φl/fl), (3)
where the contributions from all the heavy fields at their minimum redefines the bare cosmological constant
λ4 = λ40−
∑N
i 6=l λ
4
i . Note that λ
4 can be positive, negative, and even tuned to be zero. For an axion field to behave
as the dark energy, the slow roll condition must be approximately satisfied:
i =
M2P
2
(
dV/dφi
V
)2
< 1 , (4)
and for the lightest axion field φl the condition becomes
 =
1
2
[(
λl
λ
)4
MP
fl
]2
sin2 (φl/fl)
(1− (λl/λ)4 cos (φl/fl))2
< 1. (5)
It is clear from the above expression that for the usual single field axionic potential without a cosmological constant
when λl = λ, the above condition is satisfied if fl > MP .
4If λ4l > λ
4, the potential will have the minimum with a negative potential energy value. In this case the
field can roll at the top of the potential where the potential is positive [15]. This is akin to the hilltop quintessence
[18] with the crucial difference that the Universe is going to be at anti-de Sitter state at far future. In the case of
multiple ultralight axion fields in hand, it is not unnatural that some fields will have initial field values at the top
of the potential. But it is important that the lightest field is among those fields for the set-up to work. We will
therefore not consider the case further when the global minimum of the multi-field potential is at negative value.
On the other hand, if λ  λl, the set-up for quasi-natural quintessence can be realised for sub-Planckian
value of fl [13]. In this case, the most of the dark energy contributions come from the cosmological constant with
axionic part contributes as modulations. The field rolls neither at the peak of the potential nor at the bottom.
Another interesting possibility emerges when the value of λ is nearly tuned to the value of current dark energy
density, and the axionic field oscillates around the minimum of the potential. In this case, oscillations of the scalar
field is reflected in the oscillating equation of state parameter w. Note that because of the existence of λ, the
oscillating scalar field does not behave as pressure less matter. In this work, we analyse these last two cases in
light of the latest available cosmological data.
III. SYSTEM OF EQUATIONS FOR A DYNAMICAL DARK ENERGY
The cosmological principle says that the universe is homogeneous and isotropic at cosmological scale. It is
the basic assumption to study the cosmos at background level. The evolution of background cosmology is governed
by Friedmann equations. In a spatially flat FRW universe, Friedmann equations are given in terms of Hubble
parameter (H) and its time derivative as,
3H2 = κ2ρtot, (6)
2H˙ + 3H2 = −κ2ptot, (7)
where the overhead ‘dot’ denotes the derivative with respect to time, κ2 = 8piG = M−2P . The ρtot and ptot
are respectively the total energy density and pressure of all the components present in the energy budget of the
universe. The Hubble parameter is defined as, H = a˙/a where a, the scale factor, takes care of the time evolution
of the spatial separation between two points at cosmological length scale. The contribution to the energy density
comes from matter (dark matter and baryonic matter), radiation and the dark energy, thus ρtot = ρm+ρr + ρde.
In the present model, dark energy consists of a cosmological constant and contribution from light axion field. The
axionic potential with cosmological constant, given in equation (3), can be rewritten as,
V (φ) = V0[1 + p cos (φ/f1)], (8)
where V0 = λ
4, p = (λl/λ)
4, and φ is the lightest field. Note that, p = 0 corresponds to the existence of only the
cosmological constant, whereas for p = 1, the potential reduces to the case of single field axionic potential without
any cosmological constant. The energy density and pressure like contribution of a scalar field dark energy are
ρde = ρφ =
1
2 φ˙
2 + V (φ) and pde = pφ =
1
2 φ˙
2 − V (φ) respectively. The equation of state parameter of dark energy
is defined as, w = pde/ρde, and for scalar field dark energy, it is expressed as,
w =
φ˙2 − 2V (φ)
φ˙2 + 2V (φ)
. (9)
The conservation equation of the dark energy density (ρde) is,
ρ˙de + 3H(1 + w)ρde = 0, (10)
5which for the scalar field yields the Klein-Gordon equation in the expanding background,
φ¨+ 3Hφ˙+
dV
dφ
= 0. (11)
The conservation equations for pressureless dust matter and radiation are respectively given as,
ρ˙m + 3Hρm = 0, (12)
ρ˙r + 4Hρr = 0. (13)
Dimensionless density parameters are defined as Ωi =
ρi
3H2/κ2 . In a spatially flat universe, they are connected as,
Ωm + Ωr + Ωde = 1. (14)
Next, we define few dynamical variables x, y and Λ [19] as,
x = κφ′/
√
6 ; y =
√
κ2V (φ)/3H2 ; Λ = − 1
V
dV
dφ
(15)
where the ‘prime’ denotes derivative with respect to ln a. The scalar field dark energy density parameter can be
expressed in terms of x and y as, Ωφ = x
2 + y2. We define another dimensionless quantity γ as,
γ = 1 + w =
2x2
x2 + y2
. (16)
The coupled dynamical system equations of the dimensionless variables γ, Ωφ, Ωr and Λ can now be written as,
γ′ = −3γ(2− γ) + Λ(2− γ)√3γΩφ, (17)
Ω′φ = 3(1− γ)Ωφ(1− Ωφ) + ΩφΩr, (18)
Ω′r = Ωr(Ωr − 1) + 3ΩrΩφ(γ − 1), (19)
Λ′ = −
√
3Λ2(Γ− 1)√γΩφ, (20)
where
Γ =
V d
2V
dφ2
(dVdφ )
2
=
−p2 +√(p2 − 1)(Λf1)2 + p2
(p2 − 1)(Λf1)2 . (21)
The solution of these autonomous system of equations are obtained numerically. It is always preferable to work
in terms of observable quantities as it is easier to assign priors for the statistical analysis. To solve the above
set of autonomous system of equations, the values of the parameters are initialized at redshift z=1100. Assuming
thawing class of evolution for the scalar field [6], the initial value of γ is taken to be γ = 1 +w = 0.0001 or w near
to −1. Initial values of the other quantities, namely Ωφ, Ωr and Λ are kept as free parameters Ωφi, Ωri and Λi.
To incorporate the linear growth rate data (fσ8) from large scale structure survey, the evolution of matter
density contrast at linear regime is needed to be studied. The matter density contrast is defined as δ = δρm/ρm,
where δρm is the deviation from background matter density. The linear equation of the matter density contrast is
given as,
δ¨ + 2Hδ˙ = 4piGρmδ. (22)
Equation (22) can be written in terms of the dimensionless variables as,
δ′′ = −(0.5− 0.5Ωr − 1.5Ωφ(γ − 1))δ′ + 1.5(1− Ωφ − Ωr)δ. (23)
The cosmological evolution governed by the autonomous set of equations (eqns (17) to (18)) and the equation of
linear matter density contrast (eqn. 23) are confronted with cosmological observations to obtain the constraints
on the model as well as cosmological parameters. The observational data sets, utilized in the present statistical
analysis, and the observational constraints are discussed in the following section.
6IV. STATISTICAL ANALYSIS OF THE MODEL AND CONSTRAINTS ON COSMOLOGICAL
PARAMETERS
The dark energy model with axionic potential and cosmological constant, discussed in the present context,
has been confronted with latest cosmological observations. The observational data sets, utilized to constraint the
model are briefly discussed in the following.
• Observational measurements of Hubble parameter as a function of redshift using cosmic chronometers (CC)
as compiled by Gomez-Valent and Amendola [20], has been utilized in the present analysis.
• The latest SH0ES measurement of H0, doneted as R19, is also included in the analysis [21].
• The distance modulus measurement of type Ia supernovae compiled in the latest Pantheon sample [20] (here-
after “SNe” data) in terms of H(z)/H0 has been incorporated in the analysis.
• The CMB shift parameter and acoustic scale measurements from Planck-2018 results [22].
• Isotropic baryon acoustic oscillation (BAO) measurements by 6dF survey (z =0.106) [23], SDSS-MGS survey
(z = 0.15) [24] as well as by BOSS quasar clustering (z=1.52) [25]. We also consider anisotropic BAO
measurements by BOSS DR12 at z = 0.38, 0.51, 0.61 [26]. Also, we considered BAO measurement by
BOSS-DR12 using Lyman-α samples at z = 2.4 [27] in the present analysis.
• We also incorporate the angular diameter distances measured using water megamasers under the Megamaser
Cosmology Project at redshifts z = 0.0116, 0.0340, 0.0277 for Megamasers UGC 3789, NGC 6264 and NGC
5765b respectively [28–31], hereafter written as “MASERS”.
• Strong lensing time-delay measurements by H0LiCOW experiment (TDSL) by Bonvin et al. (2017) [32] for
three lens systems are also utilized in the present context.
• We also incorporated the linear growth rate data, namely the fσ8.from the measurements by various galaxy
surveys as compiled by Nesseris et al. [33], This is “Gold-17” sample for fσ8 mea- surements where f is the
growth parameter for the linear matter density fluctuation f = d ln δd ln a , with δ being the linear matter density
contrast and σ8 is the rms fluctuation of linear matter overdensity on 8h
−1 Mpc scale. We have implemented
the corrections for the dependence on fiducial cosmology used to convert redshifts into distances as described
in [33] (see also [34]).
We have used uniform priors for all the cosmological parameters used in our model. The Hubble parameter
at present (z = 0) in our subsequent calculations is assumed to be H0 = 100hKm/s/Mpc, thus define the
dimensionless parameter h. The priors corresponding to each parameter is listed in TableI.
We do a Markov Chain Monte Carlo (MCMC) analysis using the observational data to constraint the model
parameters and evolution of cosmological quantities. The analysis is carried out using the PYTHON implementation
of MCMC sampler, the EMCEE hammer introduced by Foreman-Mackey et al [35]. The parameter space, analyzed
in the present context consists of (h, rd, σ8,Ωφi,Ωri,Λi, f1, p).
The constraint obtained for different parameters are shown in Table 2. Even though the central value of the
axion decay constant of the lightest field f1 = 1.25Mp is super-Planckian, we note that within 1σ confidence limit
(lower) itself, sub-Planckian values for the axion decay constant f1 is consistent with the observed data. On the
other hand, the central value of p = 0.577 corresponds to the case where the total dark energy contributions come
from both the cosmological constant and the axion contributions. In fact, in this case, the axion contribution
7Quantity Prior
Ωφi/10
−9 [1, 3]
rd [130, 170] Mpc
Λi [10
−6, 1.5]
Ωri [0.09, 0.17]
f1 [0.01, 1.2]
√
3Mp
p [0.1, 0.995]
h [0.5, 0.9]
σ8 [0.6, 1.0]
TABLE I: The ranges of the uniform prior of the parameters used in the present MCMC analysis.
Parameters Ωφi/10
−9 rd(Mpc) Λi Ωri f1 [Mp] p h σ8
Constraints 1.53± 0.05 141.56± 2.70 0.227± 0.15 0.149± 0.005 1.250± 0.580 0.577± 0.281 0.713± 0.012 0.745± 0.021
TABLE II: The parameter values, obtained in the MCMC analysis combining all the data sets discussed in section IV, are
presented along with the associated 1σ uncertainty.
adds small modulation on top of the cosmological constant. However, it is important to remember that both the
parameters f1 and p have large error bars. Considering 2-σ error bars, the data can not distinguish between a pure
cosmological constant and a pure axionic potential. This is one of the important results in our study. Moreover
the constraint value of H0 is 71.3 ± 1.2 Km/s/Mpc which is higher than Planck measured value for ΛCDM and
is more consistent with locally measured model independent result by Riess et al [21]. The posterior probability
distributions of the parameters and the corresponding 2D confidence contours are shown in Figure 1. Figure 2
shows the 2D confidence contours of the present matter density parameter Ωm0 with other parameters such as h
and Λi. Ωm0 shows very less correlation with h and Λi. Figure 3 presents the 2D contour plot of (Ωm0, rd) along
with the corresponding h values indicated by the colour coding. It reveals that lower value of h is supported by
higher values of rd. This is consistent with the fact that the combination rdH0 is fixed by the BAO measurements.
Figure 4 shows the behaviour of H(z)/(1 + z) (left panel) and equation of state w(z) (right panel). Except
the BOSS Ly-α data, all other data agrees well to the constraints from our model. In the right panel of figure 4,
which is equation of state parameter plots, reveal that the value is highly constrained around w = −1 at higher
redshifts and allows deviation near z = 0.
The evolution of the scalar field φ and the dark energy equation of state parameter w as a function of scale
factor are shown in figure 5. The best fit curve of φ(a) and w(a) hardly show any oscillating nature. But for
certain values of the parameter p and f1, selected from the 2σ confidence regions of the these parameters, oscillating
features in φ(a) and w(a) are observed. This is definitely due to the interplay of the cosmological constant and
the axion potential. Note that for a pure axion potential without a cosmological constant, the oscillation at the
bottom of the potential is excluded with high significance [7, 11]. Top panels of figure 5 shows evolution of the
scalar field and the dark energy equation of state. The bottom panel of figures 5 shows the region in the potential
where the scalar field evolves as shown in the top panel. The region of oscillation of φ is also indicated there in
lower panels of figure 5. This figures confirms the fact that within 2σ confidence interval, the data allows the
oscillatory behaviour, both in the scalar field evolution as well as in the dark energy equation of state.
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FIG. 1: Marginalized posterior distribution of the set of parameters (Ωφi, rd,Λi,Ωri, h, σ8) and corresponding 2D confidence
contours obtained from the MCMC analysis for the present model utilizing all the data sets mentioned in section IV.
90.675 0.690 0.705 0.720 0.735 0.750
h
0.28
0.29
0.3
0.31
0.32
Ω
m
0
0.00 0.15 0.30 0.45 0.60 0.75
Λi
0.28
0.29
0.3
0.31
0.32
Ω
m
0
FIG. 2: Confidence contours on different 2D parameter spaces, (h,Ωm0) and ( Ωm0,Λi)).
132.5 135.0 137.5 140.0 142.5 145.0 147.5 150.0
rd
0.272
0.28
0.288
0.296
0.304
0.312
0.32
Ω
m
0
0.68
0.69
0.70
0.71
0.72
0.73
0.74
0.75
h
FIG. 3: Confidence contours on the 2D parameters space consist of Ωm0 and rd (in Mpc). The h values are indicated by
colour index.
V. SPHERICAL COLLAPSE OF MATTER DENSITY PERTURBATION AND GALAXY CLUSTER
NUMBER COUNT
In this section, we have emphasized on the collapse of matter density perturbation and the formation of large
scale structure in the universe for present model where dark energy contains axion field along with cosmological
constant. We have assumed a spherical collapse scenario of the matter over density. Spherical collapse model
[36–38] is the simplest approach to trace the evolution of matter over density in the non-linear regime. The idea
is that an over-dense region would expand with the Hubble expansion but also gather mass due to gravitational
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FIG. 4: Plots of H(z)/(1 + z) (left panel) and equation of state parameter w(z) (right panel). In H(z)/(1 + z) vs z plot,
the thin shaded red portion are the constraints from Planck-ΛCDM (Planck2018) measurements whereas red line is best
fit for the present model and green and blue lines are for 1σ and 2σ respectively. Same colour coding is used in the right
panel to indicate the best-fit and the associated 1σ and 2σ region of the dark energy equation of state parameter.
attraction. At some time it will collapse depending on the length scale. The density contrast of cold dark matter is
defined as δ = δρm/ρm << 1. The non-linear evolution of the matter density contrast is governed by the equation
given as,
δ¨ + 2Hδ˙ − κ
2
2
ρmδ(1 + δ)− 4
3
δ˙2
(1 + δ)
= 0. (24)
At linear regime, equation (24) is simplified as,
δ¨ + 2Hδ˙ − κ
2
2
ρmδ = 0. (25)
The evolution of matter density contrast at linear and non-linear regime are shown in figure 6. As the
perturbation grows, the non-linear contributions in the evolution equation become significant. The quantity of
interest of this collapse mechanism is the critical density δc defined as the value of linear density contrast at the
time of collapse. The redshift (zc) at which the spherical collapse of non-liner density contrast occurs, is changed
with the change of the initial density contrast.
Next we shall study the distribution of the number density of collapsed object of a given mass range. There
are two different mathematical formulation to evaluate the distribution of the number of collapsed objects along
the redshift. The first one is the Press-Schechter formalism [39] and the other one, which is a generalization of
the first one, is called the Sheth-Tormen formalism [40]. Both these formalism stand up with the assumption of
a Gaussian distribution of the matter density field. The comoving number density of collapsed object (galaxy
clusters) at a certain redshift z having mass range M to M + dM can be expressed as,
dn(M, z)
dM
= −ρm0
M
d lnσ(M, z)
dM
f(σ(M, z)), (26)
11
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FIG. 5: Evolution of the scalar field (upper left panel) and equation of state parameter w(z) (upper right panel). The
corresponding best fit curves are drawn in blue. The other curves (yellow curves) are obtained from certain selection of
the values of the parameters f1 and p from the 2σ confidence region (f1 = 0.173Mp and p = 0.85). The lower panels are
showing the plots of the scalar field potential. The lower left panel shows the plot of the scalar field potential for the best
fit values of the parameters. The region of rolling of the scalar field is indicated by the dashed bars. The lower right panel
shows the scalar field potential for the parameter values (f1 = 0.173Mp and p = 0.85) that allows oscillation in φ and w.
The region of oscillation of φ is confined within the dashed bars.
where f(σ) is called the mass function. The mathematical formulation of the mass function was first proposed by
Press and Schechter [39], which is given as,
fPS(σ) =
√
2
pi
δc(z)
σ(M, z)
exp
[
− δ
2
c (z)
2σ2(M, z)
]
. (27)
The σ(M, z) is the corresponding rms density fluctuation in a sphere of radius r enclosing a mass M. This can
be expressed in terms of the linearised growth factor g(z) = δ(z)/δ(0), and the rms of density fluctuation of at a
distance r8 = 8h
−1Mpc as,
σ(z,M) = σ(0,M8)
(
M
M8
)−γ/3
g(z), (28)
where M8 = 6 × 1014Ωm0h−1M, the mass within a sphere of radius r8 and the M is the solar mass. The γ is
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FIG. 6: The evolution of matter density contrast in linear (blue curles) and non-linear (yellow curves) regime.
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FIG. 7: Distribution of galaxy cluster number count with redshift. The blue curves are obtained for the present model with
parameter values kept at the best fit and the yellow curves are obtained for ΛCDM. The plots in the left panel are for the
Press-Schechter fromalism of the mass function formula and the plots in the right panel are obtained for the Sheth-Tormen
formalism of the mass function formula..
defined as
γ = (0.3Ωm0h+ 0.2)
[
2.92 +
1
3
log (
M
M8
)
]
. (29)
Finally the effective number of collapsed objects between a mass range Mi < M < Ms per redshift per square
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FIG. 8: Distribution of cluster number count with redshift for different values the parameter f1. The yellow curves is for
f1 = 0.5
√
3Mp, blue curves are for f1 = 0.7219
√
3Mp (the best fit value) and the green curve is for f1 = 0.9
√
3Mp. Other
parameters are kept at the best fit values. The left panel is obtained for the Press-Schechter formalism and the right panel
is obtained for the Sheth-Tormen formalism of the mass function.
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FIG. 9: Distribution of cluster number count with redshift for different values of the parameter p. The yellow curves is for
p = 0.3, blue curves are for p = 0.5774 (the best fit value) and the green curve is for p = 0.75. Other parameters are fixed
at the best fit values. The left panel is obtained for the Press-Schechter formalism and the right panel is obtained for the
Sheth-Tormen formalism of the mass function formula.
degree yield as,
N (z) =
∫
1deg2
dΩ
(
c
H(z)
[∫ z
0
c
H(x)
dx
]2)∫ Ms
Mi
dn
dM
dM. (30)
Though the Press-Shechter fromalism is successful to depict a general nature of the distribution of galaxy cluster
number count, it suffers from the prediction of higher abundance of galaxy cluster at low redshift and lower
abundance of clusters at high redshift compared to the result obtained in simulation of dark matter halo formation.
To alleviate this issue, a modified mass function formula is proposed by Sheth and Tormen [40], which is given as,
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fST (σ) = A
√
2
pi
[
1 +
(
σ2(M, z)
aδ2c (z)
)p]
δc(z)
σ(M, z)
exp
[
− aδ
2
c (z)
2σ2(M, z)
]
. (31)
The Sheth-Tormen mass function formula, given in equation (31), introduce three new parameters (a, p,A) and
for the values (1, 0, 12 ) the Sheth-Torman mass function actually become the Press-Shechter mass function. In the
present work, while studying the distribution of cluster number count using Sheth-Tormen mass function formula,
the values of the parameter (a, p,A) are fixed at (0.707, 0.3, 0.322) as obtained form the simulation of dark matter
halo formation [41].
With this background, we study the influence of the axion field on the clustering of dark matter. We also
study the effect of oscillations on the cluster number counts. To obtain the distribution of galaxy cluster number
counts, the mass range considered is 1014h−1M < M < 1016h−1M [42]. In figure 7 the cluster number count
distribution with redshift are shown for the present model of dark energy and also for the ΛCDM cosmology. We
have shown the number count for both Press-Schechter and Sheth-Tormen formulation of the mass function. In
this figure, the parameter values for axion are fixed at the best fit, given in section IV, and for the ΛCDM model,
the required parameter are fixed from the Planck 2018 results [43]. It is observed that the axion model allows less
number of clustered objects compared to the ΛCDM model. Next in Figure 8 and 9, we show the effect of variation
of the parameter values on the number count distribution. In figure 8 the parameter f1 is varied and the other
parameters are kept fixed at the best fit values. The axion field decay constant (f1) determines the frequency of
the oscillation in the scalar field potential. A lower value of f1 produces higher frequency of oscillation and vice
versa. It is clear from figure 8 that the clustering of dark matter is highly suppressed with lower values of f1 that
increase in the frequency of the scalar field oscillation. It is also interesting to note that sub-Plancking values for
f1 suppresses the clustering in dark matter compared to the super-Planckian values for f1. This is an interesting
observation and has the potential to put strong constraints on f1 from future large scale galaxy surveys.
In figure 9, the parameter p is varied and others are fixed at best the fit. The cluster number count is found
to be less effected by the change in the parameter p.
VI. CONCLUSION
The present study is related to a dark energy model involving axion field. The advantage of axion as dark
energy is due to the fact that the flatness of the axion potential is always protected from quantum correction.
On the other hand, to be consistent with the late time acceleration, the axion decay constant needs to be super-
Planckian which is in conflict with the low-energy effective field theory of string compactification. To solve this
problem, a multi-axion model in the presence of a cosmolgical constant (CC) has been proposed in String-Axiverse
scenario [13].
In this present work, we study such scenario involving axion in the context of presently available cosmological
data. We assume that the heavier fields in this multi-axion scenario, settle down to their minimum and the lightest
field is still evolving to behave as a quintessence field. The effective CC in this scenario gets contribution from the
original CC present in the model as well as from the ground state energy of the different axion field. We assume
that asymptotic future is always de-Sitter, neglecting the possibility of this effective CC becomes negative at any
time during the evolution.
With this, we confront the model with various observational data presently available, related to both
background expansion as well as growth of structures. These are the important results in our study:
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• We show that sub-Planckian values for the axion decay constant f1 in potential (8) are allowed by the data
at 1σ level (lower limit) itself (even though the central value is super-Planckian). This ensures the validity
of the low-energy effective field theory prescription of string compactifications. This is one of the most
important results in this study.
• At 2σ level, oscillatory behaviours in the scalar field evolution as well as in the dark energy equation state
are consistent with the data. This is allowed only because of the existence of the additional cosmological
constant to the axion potential.
• Model allows higher values for the present day expansion rate H0 compared to that allowed by Planck data
for ΛCDM model.
• We show that the axion model suppresses the cluster number counts compared to the ΛCDM model. This
suppression is enhanced for sub-Planckian values of the axion decay constant f1. Interestingly, the lower
values of f1 also result higher oscillations in the axion field evolution as well as in dark energy equation state.
This is a crucial observation (probably for the first time) related to the axions in String-Axiverse model, and
can be smoking gun to probe such models with future large scale galaxy surveys.
To conclude, we do a detail study related to observational constraints on axion as dark energy in the String-
Axiverse scenario. The results from this work can have far reaching consequences for axion models as a candidate
for dark energy in near future.
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